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Abstract8

There are two general approaches based on inverse regression for estimating the linear sufficient9

reductions for the regression of Y on X: the moment-based approach such as SIR, PIR, SAVE, and10

DR, and the likelihood-based approach such as Principal Fitted Components (PFC) and Likelihood11

Acquired Directions (LAD) when the inverse predictors, X|Y , are normal. By construction these12

methods extract information from the first two conditional moments of X|Y , they can only estimate13

linear reductions and thus form the linear Sufficient Dimension Reduction (SDR) methodology.14

When var(X|Y ) is constant, E(X|Y ) contains the reduction and it can be estimated using PFC.15

When var(X|Y ) is non-constant, PFC misses the information in the variance and second moment16

based methods (SAVE, DR, LAD) are used instead, resulting in efficiency loss in the estimation17

of the mean-based reduction. In this paper we prove that (a) if X|Y is elliptically contoured with18

parameters (µY ,∆) and density gY , there is no linear non-trivial sufficient reduction except if19

gY is the normal density with constant variance; (b) for non-normal elliptically contoured data, all20

existing linear SDR methods only estimate part of the reduction; (c) a sufficient reduction of X for21

the regression of Y on X comprises of a linear and a non-linear component.22

1 Introduction23

Over the last two decades many contributions in dimension reduction in regression have appeared in the24

Statistics literature. The common goal of these methods is the reduction of the dimension of the predictor25
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vector without loss of information about the response. Li (1991) was the first to introduce the concept26

of inverse regression as a dimension reduction tool in Sliced Inverse Regression (SIR). Cook and his27

collaborators formalized the field in several papers (e.g. Cook and Weisberg 1991; Cook 1994, 1998b,28

2007; Cook and Lee 1999; Bura and Cook 2001; Cook and Yin 2001; Chiaromonte et al. 2002; Cook29

and Ni 2005; Cook and Forzani 2008, 2009) and a book (Cook 1998a), where much of its terminology is30

introduced. In particular, Cook (2007) connected dimension reduction methodology in regression with31

the classical statistical concept of sufficiency and introduced the term Sufficient Dimension Reduction32

(SDR). He defined a reduction T : Rp → Rd, d ≤ p, as sufficient for the regression of Y on X if at33

least one of the following three equivalent statements hold:34

(i) Y X|T(X) : Joint Reduction

(ii) Y |X d
= Y |T(X) : Forward Reduction

(iii) X|(T(X), Y )
d
= X|T(X) : Inverse Reduction

The reduction T can be any function summarizing X by mapping it to a lower dimensional subset of35

Rp. The three forms (i), (ii) and (iii) are equivalent when Y and X are both random.36

Moment-based SDR methods include sliced inverse regression (SIR, Li 1991), sliced average vari-37

ance estimation (SAVE, Cook and Weisberg 1991), parametric inverse regression (PIR, Bura and Cook38

2001), minimum average variance estimation (MAVE, Xia et al. 2002), contour regression (Li et al.39

2005), inverse regression estimation (Cook and Ni 2005), Fourier methods (Zhu and Zheng 2006), and40

a variety of methods based on marginal moments like principal Hessian directions (Li 1992), iterative41

Hessian transformations (Cook and Li 2002), and directional regression (DR, Li and Wang 2007).42

A defining feature of sufficient reductions obtained thus far is that they are by definition projections43

of the predictor vector on lower dimensional subspaces. Therefore, sufficient reductions have been44

by default linear and SDR methodology up to now has been linear SDR. An exception is Li et al.45

(2011) where support vector machines are used to estimate functions of the sufficient reductions. Their46

method is called Principal Support Vector Machine (PSVM) and its nonlinear version that is based47

on reproducing kernel Hilbert spaces, kernel PSVM, and compares well with linear SDR methods in48

specific set-ups. Yet, it is numerically demanding and requires some judicious choices by the user, such49

as the kernel, at the outset.50

Most of the methodology in SDR was based on the concept of inverse regression. The justification51

for this approach derives from the equivalence of (ii) and (iii) which yields that a sufficient reduction can52
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be determined from X|Y and then it can be passed to the forward regression Y |X or the joint distribution53

without specifying the marginal distribution of Y or the conditional distribution of Y |X. The appeal54

of inverse regression is that in most regression problems the response is one dimensional whereas the55

number of predictors can be large rendering the forward regression of Y on X very challenging to56

model. In contrast, the inverse regression of X on Y consists of p one-dimensional regressions, which57

are much easier to visualize and model.58

The estimation of linear sufficient reductions was based on moments or functions of moments of59

the conditional distribution of X|Y . In absence of a distributional model for X|Y , conditions were re-60

quired so that functions of these moments would fall into the subspace of the sufficient reductions. The61

subspace spanned by the minimal linear sufficient reductions, which is the intersection of all subspaces62

spanned by the columns of matrices α such that F (Y |X) = F (Y |αTX), was called the central sub-63

space by Cook (1994). In many real data analyses, the reductions were not exhaustively spanning the64

central subspace.65

Two conditions were typically imposed: The linearity and constant variance conditions (e.g., see66

Prop. 11.5 in Cook 1998a) on the marginal predictor distribution. Although these conditions in theory67

must be satisfied by the basis elements of the central subspace, the predictor distribution was required68

to satisfy these conditions in general since the subspace is the very estimation target in SDR and is thus69

unknown. That is, if SY |X denotes the minimum dimension reduction subspace or central subspace, and70

α is any basis of SY |X , the linearity condition requires E(X|αTX) be a linear function of αTX, and71

the constant variance var(X|αTX) not depend on αTX. Distributions satisfying the linearity condition72

are elliptically contoured (Eaton 1986). Further, if X is elliptically contoured and the constant variance73

condition also holds, then X must be multivariate normal (Cambanis et al. 1981; Kelker 1970).74

These facts ignited interest in model-based sufficient dimension reduction as articulated in Cook75

(2007) and Cook and Forzani (2008, 2009). Cook and Forzani (2008) considered the case of normal76

X|Y in developing their Principal Fitted Components (PFC) and Likelihood Acquired Directions (LAD)77

methodology (Cook and Forzani 2009). Assuming X|Y is normal with constant variance, they obtained78

minimal sufficient reductions, which they estimated using maximum likelihood. Therefore, their esti-79

mates are optimal in the sense of most efficient. They observed, though, that their results of (1) minimal80

sufficiency and (2) exhaustive estimation of the central subspace are tied to the form of the normal that81

models X|Y . In particular, their results do not hold if cov(X|Y ) depends on Y (Cook and Forzani82

2009).83
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As the normal is the most widely used distribution in the elliptically contoured family and shares84

many of the characteristics of its other members, it is natural to ask which of the results for the normal85

carry over to elliptical contoured distributions with finite first two moments. The covariance of X|Y86

and whether and how it depends on Y are important in identifying sufficient reductions. We show that87

even in the simpler case where the covariance of X|Y is of the form cY ∆, the sufficient reduction is88

no longer linear, it comprises of a linear and a nonlinear part, and we can no longer discuss notions of89

dimension of the regression. Most importantly, we show that the linear part of the sufficient reduction90

spans the entire Rp space. This implies that when X|Y is elliptically contoured, linear SDR methods91

can only yield at most some basis elements of the central subspace, which is Rp. Moreover, they can92

never exhaustively estimate the sufficient reductions, as they miss the nonlinear component.93

In contrast to the forward regression Y |X, the inverse regression function E(X|Y ) traces a curve in94

Rp as Y varies in its marginal sample space ΩY that is easy to visualize since it consists of p scatterplots95

of theX components versus Y . The kickoff in sufficient reduction was finding that the span of the curve96

Σ−1(E(X|Y )−E(X)), say SΣ−1E(X|Y ), where Σ = var(X), is part of the sufficient reduction for Y |X97

when the predictor vector X has the linearity property on a subspace of lower dimension than p (Li98

1991). Moreover, when (X, Y ) is multivariate normal or when X|Y is normal with constant variance-99

covariance structure, the subspace SΣ−1E(X|Y ) = span(α) constitutes the whole central subspace and100

the linear sufficient reduction is minimal (Cook and Forzani 2008) in the sense that Y |X ∼ Y |αTX101

and if Y |X ∼ Y |T(X) then αTX = g(T(X)) for some function g. When X is elliptically contoured,102

the linearity property is satisfied and therefore at least part of the central subspace is captured by the103

span of the mean of the inverse regression function (e.g., see Prop. 10.1 in Cook 1998a). Yet, whether104

the span of the inverse regression curve captured the sufficient reduction in its entirety and whether it105

was minimal remained open.106

In order to motivate the development of the paper, we start in the next section from computing the107

minimal sufficient reduction for (X, Y ) jointly multivariate t distributed. We show that the minimal108

sufficient reduction comprises of two parts: the linear part is the reduction contained in the mean sub-109

space SΣ−1E(X|Y ), and the other is a nonlinear function of the predictors. We also show that the central110

subspace is the whole Rp.111

We consider the t distribution first as it is the most similar property-wise member of the ellipti-112

cally contoured family of distributions to the multivariate normal. Sufficient reductions for general113

conditional, X|Y , elliptically contoured distributions are derived in Section 2, and a characterization of114
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normality as the only distribution in the elliptically contoured class that admits linear minimal sufficient115

reductions is derived in Section 3. Least squares and maximum likelihood estimates of the sufficient116

reductions and their properties are derived in Section 4. Analysis steps for the identification and usage117

of sufficient reductions in practice are given in Section 5. A simulation study and a data analysis are118

carried out in Sections 6 and 7, respectively, and we conclude in Section 8.119

1.1 Example: Multivariate t-distribution120

In this section we show that when (XT , Y )T is jointly t-distributed, the central subspace is the whole Rp
121

and therefore there is no lower dimensional linear reduction even at a slight departure from normality.122

We also show that adding a non-linear function of the predictors to the linear reduction, which is the123

same as the one derived in the normal case, results in a sufficient reduction for the regression of Y |X.124

Our result is stated in the following proposition.125

Proposition 1 Let (XT , Y )T ∈ Rp+1 be jointly distributed as tp+1

(
µX,Y , νΦ/(ν − 2)

)
, with ν > 2

degrees of freedom, where µX,Y = E(XT , Y )T = (µT
1 , µ2)T , and

Φ =

Φ11 Φ12

ΦT
12 Φ22


is the (p+ 1)× (p+ 1) positive definite matrix of scale parameters with cov(XT , Y )T = νΦ/(ν − 2).126

Then the central subspace for the regression of Y on X is Rp and the minimal sufficient reduction for127

the regression of Y on X is given by128

T(X) =
(
αT (X− µ1), (X− µ1)TΣ−1(X− µ1)

)
, (1)

with span(α) = Σ−1span(E(X|Y ) − E(X)) and Σ = cov(X). Moreover, Σ can be replaced by129

E(var(X|Y )).130

The general version of Proposition 1 for both response and predictors jointly elliptically distributed with131

(XT , Y )T ∼ ECp+1(µX,Y ,Φ, gY ), but not normal, is given in Appendix A.2. In Section 2, we further132

show that a similar result holds when X|Y ∼ E(µY ,∆, gY ).133
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Proof of Proposition 1: Let (XT , Y ) ∈ Rp+1 be jointly distributed as tp+1

(
µX,Y , νΦ/(ν − 2)

)
.134

Using properties of the multivariate t-distribution, (Kibria and Joarder 2006),135

Y |X ∼ t1
(
µ2 + ΦT

12Φ
−1
11 (X− µ1),

ν

ν + p− 2
(1 + (X− µ1)T (νΦ11)−1(X− µ1))Φ22.1

)
,

with Φ22.1 = Φ22−ΦT
12Φ

−1
11 Φ12 and since E(X|Y ) = µ1+Φ12Φ−1

22 (Y −µ2) we have span(E(X|Y )−136

E(X)) = span(Φ12). Since the first two moments characterize the t distribution and cov(X) =137

νΦ11/(ν − 2), T(X) in (1) is a sufficient reduction for the regression of Y |X. Moreover, only the138

linear part of (1) is needed for E(Y |X), while the non-linear part is needed for var(Y |X).139

But is the non-linear part necessary? By the Lehmann-Scheffé Theorem for Minimal Sufficient140

Statistics (see for example Casella and Berger 2002, Theorem 6.2.13) T(X) is a minimal sufficient141

reduction for Y if and only if log(fX|Y (x)/fX|Y (z)) is independent of Y is equivalent to T(x) = T(z).142

Now,143

X|Y ∼ tp
(
µ1 + Φ12Φ−1

22 (Y − µ2),
ν

ν − 1
(1 +

(Y − µ2)2

νΦ22
)Φ11.2

)
,

with Φ11.2 = Φ11 −Φ12Φ−1
22 ΦT

12. Therefore, log(fX|Y (x)/fX|Y (z)) is independent of Y if and only

if there exists a constant c such that

ν1

(
1 +

(Y − µ2)2

νΦ22

)
+
(
x− µ1 −Φ12Φ−1

22 (Y − µ2)
)T

Φ−1
11.2

(
x− µ1 −Φ12Φ−1

22 (Y − µ2)
)

= c

(
ν1

(
1 +

(Y − µ2)2

νΦ22

)
+
(
z− µ1 −Φ12Φ−1

22 (Y − µ2)
)T

Φ−1
11.2

(
z− µ1 −Φ12Φ−1

22 (Y − µ2)
))

for all Y , where ν1 depends on p and ν. Taking expectation with respect to Y and plugging in Y = µ2144

yields (x−µ1)TΦ−1
11.2(x−µ1) = (z−µ1)TΦ−1

11.2(z−µ1). Therefore, c = 1 implying ΦT
12Φ

−1
11.2(X−145

µ1) = ΦT
12Φ

−1
11.2(Z− µ1). Since span(Φ−1

11.2Φ12) = span(Φ−1
11 Φ12) it follows that T(X) in (1) is the146

minimal sufficient reduction.147

Finally we show that the central subspace, i.e. the space spanned by the linear part of the minimal

sufficient reduction T in (1), is the entire Rp. In fact, let SY |X = span(γ) 6= Rp, and γ0 be the

semi-orthogonal complement of γ. Then,

var
(
γT

0 X|
(
γTX, Y

))
= C

1 + c

γT (X− µ1)

Y − µY

T γTΦ11γ γTΦ12

ΦT
12γ Φ22

−1γT (X− µ1)

Y − µY
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where C is a positive definite constant matrix. That is, var
(
γT

0 X|
(
γTX, Y

))
depends on Y which148

contradicts that span(γ) is the central subspace.149

To explore the results in Proposition 1, we generated n = 200 observations from a 6-variate t150

distribution with 4 degrees of freedom. We set the 6th variate to be the response Y and the first 5 to151

be the predictor vector X. The elements of Φ, reflecting the correlation structure of the variables, are152

as follows: φ12 = .9, φ13 = .81, φ14 = .729, φ15 = .6561, φ23 = .9, φ24 = .81, φ25 = .729, φ34 =153

.9, φ35 = .81, φ45 = .9, and φ61 = .59, φ62 = .6561, φ63 = .729, φ64 = .81, φ65 = .9.154

In Fig. 1(a) we plot Y versus the linear component of the sufficient reduction αTX, where α =155

Φ−1
11 Φ12, and we can clearly see that E(Y |αTX) exhibits a straight line trend. In Fig. 1(b) we plot156

Y versus the log of the quadratic part of the sufficient reduction, log(XTΣ−1X) and there we see157

that E(Y | log(XTΣ−1X)) = 0 with nonconstant increasing variance. Based on the theory, the linear158

part of the sufficient reduction is sufficient for modelling the conditional mean of Y given X and only159

the variance of Y |X depends on the nonlinear part of the sufficient reduction. The two plots clearly160

demonstrate the two results.161

−30 −20 −10 0 10

−
2

0
2

4

xβ̂

Y

(a) Y versus the linear reduction

−2 −1 0 1 2 3

−
2

0
2

4

log(xTΣ−1x)

Y

(b) Y versus the log of the nonlinear sufficient reduction

Figure 1: Scatterplots of Y versus the two components of the minimal sufficient statistic T(X).

This small simulation study not only confirms the theoretical results in this section but also leads162

us to postulate that for a general elliptically contoured distribution the reduction is not only the linear163
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reduction in the mean, span(Σ−1(µy − µ))(X − µ), but also the nonlinear (X − µ)TΣ−1(X − µ).164

In the next sections we show that the result in Proposition 1 holds for any X|Y elliptically contoured165

vector.166

2 Sufficient Reductions for a general class of EC distributions for X|Y167

We assume that X|Y has an elliptically contoured distribution ECp(µY ,∆, gY ), ∆ > 0, with density

fX|Y (x) = |∆|−
1
2 gY

[
(x− µY )T ∆−1 (x− µY )

]
(2)

where gY (·) ≥ 0, and
∫∞
−∞ . . .

∫∞
−∞ gY (xTx)dx1 . . . dxp = 1. The subscript Y indicates that gY as168

a function of x depends only on the quadratic form (x− µY )T ∆−1 (x− µY ). The first two mo-169

ments of X|Y are E(X|Y ) = µY and var(X|Y ) = cY ∆, where cY = E(Q2
Y )/p, with Q2

Y =170

(X− µY )T∆−1(X− µY ) (see Corollary 2 in Fang and Zhang 1990, p. 65).171

Theorem 1 Suppose X|Y has pdf fX|Y as in (2). Then

T(X) =
(
αT (X− µ), (X− µ)TΣ−1(X− µ)

)
(3)

is a sufficient reduction for the regression of Y |X, where α = Σ−1span(µY − µ), µ = E(µY ) and172

Σ = cov(X). Moreover, there exist gY in (2) for which T(X) is minimal. The theorem also holds if ∆173

replaces Σ in (3).174

Proof of Theorem 1:175

f(X|Y ) = |∆|−1/2gY
(
(X− µY )T∆−1(X− µY )

)
= |∆|−1/2gY (XT∆−1X− 2µT

Y ∆−1X + µT
Y ∆−1µY )

= |∆|−1/2gY ((X− µ)T∆−1(X− µ)− 2(µY − µ)T∆−1(X− µ)

+(µY − µ)T∆−1(µY − µ)) (4)

By the factorization theorem, a sufficient statistic for Y is T(X) = (span(µY − µ)T∆−1(X − µ),176

(X − µ)T∆−1(X − µ)) from which the first part of the theorem follows since Σ−1span(µY − µ) =177

∆−1span(µY − µ) (Pfeiffer et al. 2012). Also, since var(X) = var(E(X|Y )) + E(var(X|Y )), for178
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some S positive definite we obtain179

∆−1 = Σ−1 −α(S−1 + αTΣα)−1αT

which yields180

(X− µ)T∆−1(X− µ) = (X− µ)TΣ−1(X− µ)− (X− µ)Tα(S−1 + αTΣα)−1αT (X− µ)

and therefore we can replace ∆ by Σ in T(X).181

The necessity of the non-linear part (X−µ)T∆−1(X−µ) in the sufficient reduction was shown in

Proposition 1, where we studied the case of (XT , Y )T jointly distributed as multivariate t. With hardly

any modification of the calculations in (4), it can be shown that if X|Y has a distribution with density

of the form

fX|Y (x) = gY

[
(x− µY )T ∆−1 (x− µY ) ;γT (x− µY )

]
, (5)

then T(X) =
(
m(∆−1/2(X− µ)), (α ∪ span(γ))T (X− µ)

)
, where α = span(∆−1(µY −µ)) and182

m(Z) = ZTZ. Elliptically contoured distributions with density given by (2) belong to the class of183

distributions with density (5).184

The focus of this paper is the identification of sufficient reductions in regressions where the con-185

ditional distribution of the predictors is elliptically contoured. We focus on this case since elliptically186

contoured distributions have been used in the Sufficient Dimension Reduction and related literature as187

the basis for exclusive use of linear reductions in order to capture all the information in the predictors188

for predicting the response. We proved that T(X) is minimal sufficient for distributions of the form (2),189

and thus demonstrated the necessity of the non-linear part of the reduction. The sufficient reductions for190

two examples of conditional elliptically contoured predictors, contaminated normal and t-distribution,191

are derived in Appendix A.3.192

Moreover, in Section 3 we show that the linear part of T(X) is minimal sufficient only when X|Y193

is normal with mean µY that depends on Y , and constant variance ∆.194
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3 Linear Reductions as a Characterization of Normality195

In Section 2 we showed that when X|Y follows a general elliptically contoured distribution with param-196

eters µY , ∆ and gY , the sufficient reduction (3) comprises of two components: the linear part αT (X−197

µ) with span(α) = ∆−1span(µY − µ), and the nonlinear quadratic form (X − µ)T∆−1(X − µ).198

Cook and Forzani (2008) showed that when X|Y ∼ N(µY ,∆), αT (X − µ) is the minimal sufficient199

reduction and that the quadratic form (X− µ)T∆−1(X− µ) is not necessary.200

In this section we complete Cook and Forzani’s result by showing that if X|Y ∼ E(µY ,∆, gY ),201

the linear predictor transformation αT (X−µ) is a sufficient reduction if and only if the distribution of202

X|Y is normal with constant variance as stated in the following theorem:203

Theorem 2 Suppose that X is not stochastically independent of Y and X|Y ∼ ECp(µY ,∆, gY ).204

Then the linear function αT (X − µ) with α = span
(
∆−1 (µY − µ)

)
of dimension p × d, d < p, is205

a sufficient reduction if and only if the distribution of X|Y is a p-variate normal with mean µY and206

constant variance ∆.207

Proof of Theorem 2: By adjusting Kelker’s (1970) result for the conditional variance of elliptically con-208

toured vectors and applying Theorem 7 in Kelker (1970), if X|Y is not normal, cov(αT
0 X|(αTX, Y ))209

depends on Y through the quadratic form (X − µY )Tα(αT∆α)−1αT (X − µY ). If span(α) is the210

central subspace then var(αT
0 X|(αTX, Y )) is independent of Y and, as a consequence, if X|Y is not211

normal212

(X− µY )Tα(αT∆α)−1αT (X− µY ) = c(X). (6)

Taking expectation with respect to Y in (6) we get XTα(αT∆α)−1αTX−2XTα(αT∆α)−1αTµ+213

E(µT
Y α(αT∆α)−1αTµY ) = c(X). Plugging in c(X) yields214

tr
(
α(αT∆α)−1αT

(
µY µ

T
Y − E(µY µ

T
Y )
))
− 2XTα(αT∆α)−1αT (µY − µ) = 0,

for all Y and X. This in particular implies that P T
α(∆)(µY − µ) = 0 for all Y , where P T

α(∆) =215

α(αT∆α)−1αT∆ is an orthogonal projection in the inner product induced by ∆. That is, α = 0 or,216

equivalently, X is independent of Y , which is a contradiction. Therefore, X|Y is normally distributed217

and since, by assumption, it is also ECp(µY ,∆, gY ), we have X|Y ∼ N(µY , cY ∆), in which case218

var(αT
0 X|αTX, Y ) = cY

(
αT

0 ∆α0 −αT
0 ∆α(αT∆α)−1αT∆α0

)
,
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which does not depend on Y if and only if cY = c for all Y , and the theorem follows.219

4 Estimation of the Sufficient Statistics220

Assume a random sample (Xi, Yi), i = 1, . . . , n, is drawn from X|Y ∼ ECp(µY ,∆, gY ) with density221

given by (2). From Theorem 1, µY − µ = ∆ανY , or equivalently, E(X|Y ) = µY = µ + ∆ανY .222

Following Cook and Forzani (2008), in order to accommodate the dependence of νY on Y , we assume223

that the coordinate vectors are modeled as νY = β(fY − E(fY )), where fY ∈ Rr is a known vector-224

valued function of Y , and β ∈ Rd×r, d ≤ min(r, p), is an unrestricted rank d matrix. Under this model225

each coordinate Xj , j = 1, . . . , p, follows a linear model with predictor vector fY . Consequently, we226

are able to use inverse response plots (Cook 1998, Chapter 10) of Xj vs Y to gain information about227

suitable choices for fY , which is a visual tool that is not generally available in the forward regression of228

Y on a multi-component X. This issue is discussed in Cook and Forzani (2008) and Cook and Adragni229

(2009). Then, the inverse regression surface is a linear model, E(X|Y ) = µ + ∆αβ(fY − E(fY )) ,230

and, for i = 1, . . . , n, we have231

µY i = E(Xi|Yi) = µ + ∆αβ (fYi − E(fYi)) , (7)

The parameters of interest (µ,∆,α,β) can be estimated via least squares or maximum likelihood

estimation, provided an error distribution is given. They, in turn, will yield estimators for the sufficient

reduction

T(X) =
(
αT (X− µ), (X− µ)TΣ−1(X− µ)

)
=
(
αT (X− µ), (X− µ)T∆−1(X− µ)

)
. (8)

We present these two approaches next.232

4.1 Least Squares Estimation233

Since X|Y ∼ ECp(µY ,∆, gY ) and the mean satisfies (7),

X = 1nµ
T + FβTαT∆ + E, (9)
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with X : n× p with rows XT
i , F : n× r with rows fi = (fYi − f̄)T and the error matrix E : n× p with234

E(E) = 0.235

To compute the covariance matrix of the error matrix, we observe that since cov(X|Y ) = cY ∆,236

we have cov(Xki, Xkj |Y = yk) = cykδij , where ∆ = (δij)i,j=1,...,p. Now, cov(E) = cov(X|YT =237

(y1, . . . , yn)T ) = Ω, is an np× np symmetric matrix consisting of p2 blocks of order n× n, with ijth238

block Ωij = δij diag(cy1 , . . . , cyn), for i, j = 1, . . . , p. Then, by letting Cy = diag(cy1 , . . . , cyn),239

Ω = ∆⊗Cy240

Let Z denote the matrix with rows Xi − X̄. We consider the moment estimator of ∆, ∆̂ = Σ̂res =

ZTQFZ/n, which is an estimate of the variance of the residuals of the regression of Z on F. Here

QF = Ip −PF with PF the projection on the span of F. If Cy were known, the least squares estimates

of β and α in (9) would be the arguments that minimize the Residual Sum of Squares (RSS),

RSS = vec(E)T (var(vec(E)))−1vec(E)

=
(

vec(Z)− (∆̂α⊗ F)vec(β))
)T (

∆̂
−1
⊗C−1

y

)(
vec(Z)− (∆̂α⊗ F)vec(β))

)
(10)

Holding α fixed and setting Ω̂ = ∆̂⊗Cy, the minimizing value of β is

vec(β̂) = (AT Ω̂
−1

A)−1AT Ω̂
−1

vec(Z) (11)

Plugging (11) in RSS, renders the minimization of RSS equivalent to maximizing the function241

trace
(
Σ̂fitα(αT ∆̂α)−1αT

)
(12)

in α, with αTα = Id, where Σ̂fit = ZTC
−1/2
y P

C
−1/2
y FC

−1/2
y Z/n is the p × p covariance matrix242

of the fitted values Ẑ = P
C

−1/2
y FC

−1/2
y Z from the regression of C

−1/2
y Z on C

−1/2
y F, and PA =243

A(ATA)−1AT denotes the orthogonal projection onto the range space of a full rank matrix A. The244

maximun of (12) is attained at α̂ = Σ̂
−1/2

res γ, with γ the first d eigenvectors of Σ̂
−1/2

res Σ̂fitΣ̂
−1/2

res .245

4.1.1 An Iterated Estimation Algorithm246

As we already noted in the previous section, the minimizer of RSS with respect to α requires the prior247

knowledge CY . In the population, cY = E((X− µY )T∆−1(X− µY ))/p (see Section 2) so that prior248

knowledge of µY is needed to estimate cY . Therefore, an iterative solution to the minimization problem249
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is required. In this section, we propose an iterated algorithm for the computation of the least squares250

estimates of CY , β, ∆ and α.251

Step 1. Set iteration k = 0 and initialize C
(k)
Y = In; i.e., c(k)

yi = 1, i = 1, . . . , n. This is equivalent to252

assuming that var(X|Y ) does not depend on Y so that Ω = ∆ ⊗ In, in which case the initial253

estimate is unweighted least squares and the estimation reduces to PFC.254

Step 2. a. Set X(k+1) = (C
(k)
Y )−1/2Z, F(k+1) = (C

(k)
Y )−1/2F255

b. Set Σ̂
(k+1)

res = (X(k+1))TF(k+1)((F(k+1))TF(k+1))−1(F(k+1))TX(k+1), Σ̂
(k+1)

= cov(X(k+1)),256

Σ̂
(k+1)

res = ∆̂
(k+1)

= Σ̂
(k+1)

− Σ̂
(k+1)

res .257

c. Set γ̂(k+1) to be the matrix of the first d eigenvectors of (Σ̂
(k+1)

)−1/2Σ̂
(k+1)

res (Σ̂
(k+1)

)−1/2
258

d. Set α̂(k+1) = (Σ̂
(k+1)

)−1/2γ̂(k+1)
259

e. Set

β̂
(k+1)

=
(

(F(k+1))TF(k+1)
)−1

(F(k+1))T (X(k+1) − X̄(k+1))

α̂(k+1)
(

(α̂(k+1))T Σ̂
(k+1)

res (α̂(k+1)
)−1

Step 3. Update

c(k+1)
yi =

(
Xyi − X̄− Σ̂

(k+1)

res α̂(k+1)β̂
(k+1)

fyi

)T
(Σ̂

(k+1)

res )−1(
Xyi − X̄− Σ̂

(k+1)

res α̂(k+1)β̂
(k+1)

fyi

)
,

and compute RSS.260

Step 4. If two successiveRSS values differ by more than a prespecified threshold go to Step 2, otherwise261

stop.262

This estimation algorithm is an iterative reweighted least squares (IRLS) algorithm for the estima-263

tion of α, β and ∆ which together obtain the l.s.e. of B̂ = β̂
T
α̂T ∆̂ in the linear model (9). Cline264

(1972) proved that the IRLS algorithm has in principle a linear convergence rate and Byrd and Payne265

(1979) list a set of conditions on the weights for the convergence of the algorithm. Carroll et al. (1988)266

showed that generally, k ≥ 3 iterations are required. We confirmed this result in our simulations and267

data analysis in Sections 6 and 7.268
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The choice of the functions fY in νY = β(fY −E(fY )) is not crucial provided fY is sufficiently cor-269

related with the true νY . Cook and Forzani (2008) showed theoretically, and in simulations, that in this270

case α̂ is a robust estimator of the central subspace (Theorem 3.5 in Section 3.2). It is straightforward271

to adapt their proof of the
√
n consistency of α̂ and show that our iterated least squares estimate of the272

central subspace is also root-n consistent.273

4.1.2 Maximum likelihood estimation274

Iterative reweighted least-squares algorithms yield maximum likelihood estimates for the normal dis-275

tribution, as well as for all members of the exponential family because they are equivalent to Fisher’s276

scoring method (Green 1984; del Pino 1989).277

Elliptically contoured matrix distributions as in (9) with parameters 1nµ
T
Y and ∆⊗CY have density

|∆|−n/2
n∏

i=1

|cyi | g̃

[
n∑

i=1

(xiY − µ−∆αβfi)
T∆−1(xiY − µ−∆αβfi)

cyi

]
= (13)

|∆|−n/2
n∏

i=1

|cyi | g̃
[

tr
(
(X− 1nµ

T − FβαT∆)(∆−1 ⊗C−1
y )(X− 1nµ

T − FβαT∆)T
)]

(14)

where g̃ is decreasing and yn/2g̃(y) has a finite positive maximum at yg (see Anderson 2003, p. 104).

Since g̃ is decreasing, the maximization of (13) is equivalent to the maximization of the corresponding

multivariate normal density with the same parameters. Therefore, since the IRLS algorithm yields

maximum likelihood estimates in the normal model, the ML estimator of the sufficient reduction T(X)

in (8) is

T̂mle(X) = T̂lse(X) =
(
α̂T (X− X̄), (X− X̄)T ∆̂

−1
(X− X̄)

)
(15)

where ∆̂ and α̂ are the IRLSEs of ∆ and α for the linear model (9) obtained using the algorithm in278

Section 4.1.1.279

As an aside, we note that our result can be viewed as an extension to the finding of Anderson et280

al. (1986) that the MLEs of µY and ∆ in an elliptically contoured matrix distribution model are the281

MLEs of µY and ∆ in a normal model to the case of elliptically contoured matrix distributions of mean282

structure µY = µ + ∆ανY , i.e. with mean lying in a lower d(< p)-dimensional subspace spanned by283

α.284
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4.2 Statistical Properties and Dimension Estimation of the Linear Reduction285

In this section we derive the asymptotic distribution of the least squares estimates in Section 4.1 and

thus obtain an asymptotic test for the dimension of the linear reduction in (8). We start from calculating

the asymptotic distribution of Σ̂res for the homoskedastic linear model (9) with B = βTαT∆ and

var(E) = ∆⊗ In. Let B̂ = (FTF)−1FTZ be least squares estimate of B from regressing Z with rows

(XiY − X̄)T , X̄ =
∑n

i=1 XiY /n, on F, the n × r matrix with rows (fY − f̄)T . Then, the residual

variance satisfies

nΣ̂res = (Z− FB̂)T (Z− FB̂) = ZTZ− B̂T (FTF)B̂

= ZTZ + nX̄T X̄− B̃TFTFB̃ = XTX− B̃TFTFB̃

= (X− FB̃)T (X− FB̃) (16)

where X is the mean-uncorrected n×p matrix of the n observations on the vector X = (X1, . . . , Xp)
T ,286

F is the mean-uncorrected n × r matrix of the n observations on the vector fY = (f1Y , . . . , frY ) of287

the r known functions in Y , and B̃ is the least squares estimate of the mean-uncorrected model, i.e.288

B̃ = (FTF)−1FTX (see Weisberg 1985, p. 44). To obtain the asymptotic distribution of Σ̂res we use289

the following theorem, whose proof is given in Appendix A.1.290

Theorem 3 Suppose X1, . . . ,Xn are uncorrelated random p-component vectors with E(Xi) = Bfi,

where fi is a r-component vector, and var(Xi) = Φ, for all i = 1, . . . , n. Let H =
∑n

i=1 fif
T
i , assumed

to be non-singular, G =
∑n

i=1 Xif
T
i H−1 and

C =

n∑
i=1

(Xi −Gfi)(Xi −Gfi)
T =

n∑
i=1

XiX
T
i −GHGT (17)

Then C is distributed as
∑n−r

i=1 UiU
T
i , where U1, . . . ,Un−r are uncorrelated p-vectors with E(Ui) =291

0, var(Ui) = Φ, and they are uncorrelated with G.292

Theorem 3 generalizes Theorem 4.3.3 in Anderson (2003, p. 141), where X1, . . . ,Xn are independent293

normal vectors with different means. Using this result we obtain the following theorem which we prove294

in Appendix A.2.295

Theorem 4 In the homoskedastic model (9), the residual covariance matrix Σ̂res in (16) is asymptoti-
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cally normal, i.e.

√
n(Σ̂res −Σres)

D−→ N(0,V) (18)

and the covariance matrix of the fitted values, Σ̂fit = ZTPFZ/n = (FB̂)TFB̂/n, is consistent for296

cov(E(X|Y )). Moreover,297

a. The least squares estimate B̂ = (FTF)−1FTZ of B = βTαT∆ is asymptotically normal with298

asymptotic mean B and variance VB.299

b. The weighted least squares estimate of B in the heteroskedastic multivariate linear model (9) with300

var(E) = ∆⊗CY , obtained with the iterated estimation algorithm of Section 4.1.1, has a scale301

adjusted asymptotic normal distribution as B̂ in the homoskedastic model.302

From Theorem 4 derives that inference on the dimension of the linear part of the sufficient reduction303

can be based either on α̂ or on the least squares estimate B̂ under the homoskedastic model. In partic-304

ular, rank(α) = rank(Σ
−1/2
res ΣfitΣ

−1/2
res ) = rank(B) = d. A weighted chi-square test for dimension305

based on the ordinary least squares estimate of B was derived in Bura and Cook (2001). In addition,306

we can use either a weighted chi-square or a chi-square test to estimate the dimension of the linear part307

of the sufficient reduction d, using Theorem 1 or Theorem 2 in Bura and Yang (2011), respectively.308

Alternatively, one can use an information criterion like AIC (Akaike 1973) or BIC (Schwarz 1978) as309

in Cook and Forzani (2008).310

5 Sufficient Reductions in Practice311

Theorem 1 obtains that when X|Y is elliptically contoured with covariance structure of the form cy∆,

the sufficient reduction comprises of the linear and non-linear components, and thus

F (Y |X) = F
(
Y |αT (X− µ), (X− µ)TΣ−1(X− µ)

)
where F (·|·) is the conditional cdf of Y given the corresponding argument.312

In real data analyses, one needs to assess the necessity of both the linear and non-linear components313

for the regression of a response on a vector of predictors. It is known that linear SDR methods, such as314

SIR and SAVE, estimate basis vectors in the central subspace, i.e. the range space of a matrix η such315
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that F (Y |X) = F (Y |ηTX) and all regression information about Y in X is contained in ηTX. Yet,316

parts of ηTX may be absorbed in the forward regression mean, E(Y |X), and/or parts in the variance,317

var(Y |X), as Cook and Li (2002) showed. In our setting, there are two cases to consider: when (Y,X),318

are jointly elliptically contoured and when only X|Y is elliptically contoured but (Y,X) is not.319

5.1 (Y,X) is ECD320

Suppose the response and predictors are jointly elliptically contoured, or they can be transformed to321

ellipticity (see, for example, Cook and Nachstheim 1994). In this case, X|Y is also ECD. Then, because322

of the properties of elliptically contoured distributions (see Appendix A.3), E(Y |X) is a function of the323

linear reduction and var(Y |X) is a function of the non-linear reduction. Therefore, in data analysis324

problems, if all variables seem to be approximately ECD, then one computes the two reductions and325

plots Y versus both as a visual guidance to select a starting regression model to fit. Then, standard326

regression analysis steps can be followed to find the model that best fits the first two moments of Y |X327

(see, for example, Cook and Weisberg 1999; Weisberg 2014; Nachtsheim et al. 2006). We illustrate this328

approach with the multivariate t example in the simulation Section 6.2 that follows.329

5.2 X|Y is ECD330

In the second case, (Y,X) are not jointly ECD, but X|Y is or can be transformed to ellipticity. Now,331

there is no longer a direct relationship between the two components of the reduction and the moments332

of Y |X; i.e., all moments of Y |X are potentially functions of both reductions. In order to understand333

how both relate to Y , one should plot Y versus both the linear and non-linear parts and use existing334

regression analysis principles to identify appropriate models.335

For example, if the plot of Y versus the linear reduction reveals only a trend, then it means that the336

linear component is active only in the first moment. If it also reveals heteroskedasticity, then the linear337

part is also active in var(Y |X). The same holds true for the non-linear part.338

More formally and in conjunction with guidance from plots, first one can use SIR, PIR or PFC to339

estimate the linear component of the reduction, αT (X−µ), with α̂T (X− X̄), and assess its necessity340

by formal statistical testing for the dimension of the linear reduction, which is available in software341

distributions of SDR code such as in the dr package in R. Also, one can test for the dimension of the342

linear part using asymptotic tests such as those developed by Bura and Yang (2011), which encompass343

existing tests for dimension in many linear SDR methods, including SIR and PFC. Additionally, tests344
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based on information criteria such as AIC and BIC can be used as we indicate at the end of Section 4.2.345

All such tests are used to estimate the dimension of the SIR, PFC or PIR subspaces which are spanned346

by the linear sufficient reduction under the elliptically contoured model for X|Y . For example, if the347

tests estimate the dimension of the linear reduction to be zero, the sample size is reasonably large and348

the plots of Y versus α̂T (X− X̄) are patternless, then one concludes that Y is independent of the linear349

reduction.350

Regarding the non-linear part of the reduction, it is easy to see that (X−µ)TΣ−1(X−µ) can also

be written in terms of the orthogonal complement of α, α0, as

q(X) = (X− µ)Tα0α
T
0 (α0α

T
0 Σα0α

T
0 )−1α0α

T
0 (X− µ)

If regression information about Y is contained in the non-linear part, then it lies in q(X), or an appro-351

priately chosen function thereof. Thus, standard tests either for the validity and/or for heteroskedasticity352

of the regression of Y on q(X) should reveal whether there is regression information in the non-linear353

part. In practice, we regress Y on q̂(X), where q̂ indicates that α̂0, µ̂ and ∆̂ are used in the computation354

of q(X).355

Once the necessity of the linear and/or non-linear components of the sufficient reductions has been356

assessed and in what moments of Y |X they are active, one then follows standard regression analysis357

modeling steps for identifying the best regression model for predicting Y .358

6 Simulation359

6.1 Binary Response360

Our results add to the classic linear sufficient reduction the nonlinear part that captures the regression

information in the variance. To illustrate the latter, we consider an example where variation, rather than

location, is the differentiating characteristic of the conditional distribution of X|Y . Let Y be a Bernoulli

variable with P (Y = 1) = P (Y = 0) = .5 and

X|Y = y ∼ Np

(
0, σ2(y)Ip = cy∆

)
(19)

where cy = σ2(y), ∆ = Ip, with σ2(0) = 1 and σ2(1) = 10. Let (X1, Y1), . . . , (Xn, Yn) be a sample361

from this model, where n = 100, 200, and p = 10. In this case, the central subspace is Rp and there is no362
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linear reduction. The sufficient reduction is only the non-linear XT∆−1X = XTX, in the population,363

estimated by (X − X̄)T ∆̂
−1

(X − X̄), with ∆̂ the estimate of ∆ given Section 4.1.1. We refer to our364

sufficient reduction estimation method as Non-Linear Principal Fitted Components (NLPFC).365

In Fig. 2, the boxplots of the non-linear sufficient reduction are plotted for the two populations,366

Y = 1 and Y = 0, and two sample sizes, n = 100, 200. Boxplots are drawn since only one variable,367

the non-linear reduction, is used to predict class. In the top two panels, 100 observations were generated368

according to model (19), and 200 observations were generated in the bottom four panels. In the left369

column panels (a), (c), (e), CY = In, the initializing value of CY in the algorithm 4.1.1, is used to370

compute the least squares estimate of ∆. In the right column panels (b), (d) and (f), the least squares371

estimate of ∆ at the 8th iteration is used. At the 8th iteration all RSSs did not reduce by more than372

.5. Across panels, we can see the main bulk of the data are separated in two classes, Y = 0, 1. In373

Fig. 2(c),(d), where the sample size was doubled, the separation is much clearer with very few overlaps.374

As the sample size increases, in unreported simulations, the separation becomes practically perfect. In375

all simulations the number of iterations required ranged from 3-8.376

Interestingly, when we kept the sample size the same (n = 200) but increased the number of pre-377

dictors X from p = 10 to p = 50, we observed that the separation of the two classes with the NLPFC378

predictor became sharper as is evident in Figs 2(e),(f). This seemed counterintuitive at first glance,379

yet there is a mathematical explanation. The conditional probability of P (Y |X = x) is a function380

of xTx(1/σ2(0) + 1/σ2(1)) =
∑p

j=1 x2
j (1/σ

2(0) + 1/σ2(1)). Therefore, as p increases,
∑p

j=1 x2
j381

increases as well resulting in better separation between the classes. Of course, as p increases, if the382

sample size stays the same, the tip-point will be reached as matrices will no longer be invertible.383

We also applied linear dimension reduction methods such as SIR, SAVE, DR and LAD on these384

simulated data to examine how well they perform in discriminating the two populations when the true385

linear reduction is Rp. It is clear than SIR must fail since there is no difference in the means. SAVE,386

DR and LAD try to find linear structure in the variance, but in this example where the linear reduction is387

the whole Rp, all these methods fail as demonstrated in Figs. 3(b),(c),(d) where we plot their respective388

first two predictors indicating the two classes with different color.389

6.2 Continuous Response390

We continue the analysis of the multivariate t-simulation example of Section 1.1 in order to illustrate391

how to model the sufficient reductions for a continuous response regression. From Fig. 1(b) we see392
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Table 1: Summary Statistics of Relative Accuracy Gains in s
Min Q1 Median Mean Q3 Max

(b) vs (a) 44.70% 51.65% 53.72% 53.95% 55.82% 77.53%
(c) vs (a) 43.77% 66.73% 69.35% 68.97% 71.91% 80.80%

that the conditional variance of Y |X is an increasing function of the log of the quadratic part of the393

reduction, xT Σ̂
−1

x. The plot of Y versus the non-linear reduction, which is not shown, reveals that the394

conditional variance of Y |X is increasing at a non-constant rate.395

The most serious consequence of using the OLS estimator when there is heteroskedasticity is that396

the estimates of the variances and covariances of the parameter estimates are biased and inefficient.397

Biased standard errors lead to biased inference, so results of hypothesis tests are possibly wrong. We398

explore the effect of accounting for heteroskedasticity in this example in terms of accuracy gains in the399

estimation of the error standard deviation of the simple linear regression of Y on the linear component400

of the reduction β̂
T
X. The least squares residual standard deviation is s =

√∑
(yi − ŷi)2/(n− 2),401

where ŷ is estimated by fitting the model y = α0 + α1(β̂
T
X) + ε, using ordinary least squares. We402

fit three models: (a) homoskedastic simple linear regression of Y on β̂
T
X, (b) weighted least squares403

regression with weights inversely proportional to the non-linear reduction XT Σ̂
−1

X, and (c) weighted404

least squares regression with weights based on y − β̂
T
X.405

The weights in model (c) are estimated according to the algorithm in Wasserman (2006, p. 87-88), as406

follows. From Fig. 1(a), we see that E(Y |X) is a linear function of β̂
T
X. We construct the log squared407

deviances, log(y − β̂
T
X)2, and use the loess function in the R software to estimate their conditional408

mean as a function of the quadratic reduction, say q̂(XT Σ̂
−1

X). Next we fit a weighted least squares409

regression of Y on β̂
T
X using 1/ exp(q̂(X)) as weights.410

In Table 1, we report summary statistics based on 200 hundred observations and 500 repetitions for411

the relative gain in residual standard error, s, measured as 100 × (sa − s·)/sa, where s· = sb, sc, the412

residual standard errors of models (b) and (c), respectively. The improvement in estimation accuracy is413

substantial after adjusting for the non-constant variance due to the non-linear component of the sufficient414

reduction. The relative % gain in reducing s by accounting for the heteroskedasticity induced by the415

non-linear component of the sufficient reduction, XT Σ̂
−1

X, varies from 44.7% to 77.53% by simply416

weighting with the quadratic reduction, and from 43.77% to 80.80% by computing the weights using417

the algorithm in Wasserman (2006). The histograms of the residual standard error gains are plotted in418

Fig. 4.419
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7 Cancer Data420

We now compare our method, NLPFC, with PFC, which is the same as SIR since Y is categorical,421

and SAVE, DR, and LAD in a real data analysis concerning the diagnosis of malignant and benign422

cases of breast cancer. We use the Wisconsin breast cancer data which we downloaded from the Uni-423

versity of California at Irvine machine learning data repository at http://archive.ics.uci.424

edu/ml/datasets/Breast+Cancer+Wisconsin+(Diagnostic). The data set contains425

measurements from 569 study participants among whom 212 had a diagnosis of malignant and 357426

benign breast tumors. The response variable Y is the binary diagnosis variable (malignant and benign).427

The predictor X is a 24-dimensional vector of different features of the tumor. Detailed description of428

the data can be found at the repository. The goal of the analysis is to find a classifier based on these 24429

features in order to predict whether a tumor is benign or malignant.430

The data set was randomly split in a training set of 341 observations and a test set of 228 obser-431

vations. That is, we randomly draw about 60% of the original data for training and 40% for testing.432

For each dimension reduction method, we find a set of sufficient predictors from the training data, and433

evaluate them at the testing set, resulting in a sufficient plot for the testing set. Given that the testing434

data are independent of the training data from which the sufficient predictors are derived, the degree of435

separation of the malignant and benign cases reflects the discriminating power of the applied method.436

Panel (a) in Fig. 5 is the histogram of the PFC (SIR) predictor for the two classes. Since the re-437

sponse is binary, PFC provides a single predictor. One can see that there is noticeable overlap, that is438

missclassifications, in the two groups. In panels (b), (c) and (d), we plot the first two SAVE, DR and439

LAD predictors, respectively, with the two classes indicated by the two colors. The SAVE predictors440

cannot differentiate between the two classes. DR and LAD exhibit a better performance; yet there is441

significant overlap of the two groups. Overall, among the linear SDR methods SIR provides better sep-442

aration. It is known that SIR (PFC) identifies the best linear classifier based on the mean differences in443

the two classes when the variance of the two classes are the same (Cook and Forzani 2008). The other444

methods, SAVE, DR and LAD, are designed to get classifying information not only in the mean but445

also in the variance. SAVE and DR use combinations of the first and second moments of the inverse446

regression X|Y while LAD uses MLEs of combinations of the first two moments. It was shown in Li447

and Wang (2007) that DR was more efficient than SAVE, while Cook and Forzani (2009) proved that448

LAD estimates the same subspace as DR and since it is a maximum likelihood estimator it is more effi-449
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cient when the model is true. They also showed in simulations that LAD outperforms DR. Nevertheless450

there is no analytic solution for LAD and optimization in Grassman manifolds is required. As it is clear451

from the plots, these first two-moment based methods (SAVE, DR and LAD) cannot capture the extra452

information in the variance in order to obtain better classification and they lose efficiency, compared to453

PFC, when attempting to extract separation information contained in the mean.454

In panel (e) of Fig. 5, we plot the first linear predictor estimated by NLPFC, versus the non-linear455

reduction (X−X̄)T ∆̂
−1

(X−X̄), where the linear part and ∆̂ are obtained using the iterative algorithm456

of Section 4.1.1. The separation of the two classes is almost perfect: only four points are missclassified.457

NLPFC builds on the PFC predictor, which is the linear part of the sufficient reduction, by adding the458

nonlinear part that captures the information contained in the variance in order to correctly allocate the459

points that are not well separated by PFC. For these data, NLPFC provides the best classifiers for the460

two classes.461

8 Discussion462

Dimension reduction is the mapping of data to a lower dimensional space so that noise or uninformative463

variance is discarded and a subspace in which the data lie is identified. Sufficient Dimension Reduction464

is a step further as it aims to find a minimum dimension-reduction subspace that is both sufficient in the465

statistical sense that it contains the same information as the original data, and at the same time the most466

parsimonious. By its very definition, dimension reduction is either exactly linear, as projections of the467

data are sought, or a linear approximation, as in manifold modelling (see Burges 2010 for a discussion468

of DR methods).469

In this paper we take a different approach and no longer seek lower dimensional projections of the470

data. Instead we shift focus on finding sufficient reductions of the data, and in particular, of predictors471

for the modeling of a response. By doing so, we move away from normality, which was practically a472

de facto assumption in existing linear SDR approaches, and consider the class of elliptically contoured473

distributions, which contains the normal, and more importantly long-tailed distributions.474

We show that when (X, Y ) are jointly elliptic, or when X|Y is elliptic with either constant variance475

or of the form cY ∆, the sufficient reduction has both a linear and a non-linear part. Moreover, we show476

that when var(X|Y = y) = cy∆, the linear part of the sufficient reduction is the entire Rp so that no477

linear reduction is feasible. We propose an iterated reweighted least squares algorithm, which we call478

22



Non-Linear Principal Fitted Components (NLPFC), for the estimation of the sufficient reductions. The479

estimates are also maximum likelihood estimates and hence asymptotically efficient.480

Appendix481

A.1 Proof of Theorem 3482

Let Q2 = ZF, F = (f1, . . . , fn): r × n and Z is a square invertible r × r matrix such that

ZHZT = Ir. Then, Q2Q
T
2 = ZFFTZT = Z(

∑n
i=1 fif

T
i )ZT = ZHZT = Ir. Therefore, the n-

component rows of Q2 are orthogonal of unit length and as a consequence there exists (n − r) × n

matrix Q1 such that

Q =

Q1

Q2


is n × n orthogonal. Let U = XQT , X = (X1, . . . ,Xn). That is, the ith column of U is Ui =∑n

j=1 qijXj , Q = (qij)i,j=1,...,n. Moreover, µUi =
∑n

j=1 qijBfi =
∑n

j=1 qijµXi and

cov(Ui,Uj) = E(Ui − µUi)(Uj − µUj )
T = E

( n∑
k=1

qik(Xk − µXk
)

)(
n∑

l=1

qjl(Xl − µXl
)

)T


=
n∑

k,l=1

qikqjlE(Xk − µXk
)(Xl − µXl

)T =
n∑

k,l=1

qikqjlδklΦ =
n∑

k=1

qikqjkΦ = δijΦ

with δij = 1 if i = j, δij = 0, if i 6= j. Therefore, the columns of U are uncorrelated and

have the same variance as the columns of X. Also, E(U) = E(XQT ) = E(X)QT = BFQT =

BZ−1Q2

(
QT

1 QT
2

)
=
(
0 BZ−1

)
. Note that

n∑
i=1

XiX
T
i = XXT = UQQTUT = UUT =

n∑
i=1

UiU
T
i (20)

and

G = XFTH−1 = UQQT
2 (Z−1)TZTZ = U

Q1

Q2

QT
2 Z = U

 0

In−rZ

 = U(2)Z
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where U(2) = (Un−r+1, . . . ,Un). Then,

GHGT = U(2)ZHZT (U(2))T = U(2)(U(2))T =

n∑
i=n−r+1

UiU
T
i (21)

By (20) and (21), C =
∑n

i=1 UiU
T
i −

∑n
i=n−r+1 UiU

T
i =

∑r
i=1 UiU

T
i , and C is uncorrelated with483

G. 2484

A.2 Proof of Theorem 4485

By Theorem 3, the asymptotic distribution of C in (17) is the same as the asymptotic distribution

of
∑r

i=1 UiU
T
i , where Ui =

∑n
j=1 qijXj with Xj uncorrelated random p-vectors each with E(Xj) =

Bfj and common variance var(Xj) = Φ, and Q = (qij) orthogonal. Arrange the elements of UiU
T
i

in a vector as

Ũi = (U2
1i, U1iU2i, . . . , U

2
2i, . . . , U

2
pi)

T . (22)

Note that, for example, U1i = qi1X11 + qi2X21 + . . . + qinXn1, i.e. it is the weighted sum of the n486

observations on the X1 component of X = (X1, . . . , Xp)
T . Thus the vectors Ũi, i = 1, . . . , n, are487

independent and identically distributed with E(Ui) = ν and E(Ũi − ν)(Ũi − ν)T = V. Applying488

Theorem 3.4.3 in Anderson (2003, p. 86) yields that
√
n
(∑n

i=1 Ũi/n− ν
)
D−→ N(0,V) as n→∞.489

Therefore, putting everything together, by (16) and (17), nΣ̂res = C and (18) holds.490

To compute both ν and V we need to compute E(UkiUli), E(UkiUliUmiUoi), and491

E ((UkiUli − E(UkiUli))(UmiUoi − E(UmiUoi))). These moments are given in Maruyama and Seo492

(2003) for elliptically contoured vectors.493

The covariance matrix of the fitted values, Σ̂fit = ZTPFZ/n = (FB̂)TFB̂/n, is consistent for494

cov(E(X|Y )) since it is a continuous function of the consistent estimate B̂ for B (Bura and Cook495

2001). Therefore, by Slutsky’s theorem, the continuous function Σ̂
−1/2

res Σ̂fitΣ̂
−1/2

res is asymptotically496

normal, and thus also consistent for Σ
−1/2
res ΣfitΣ

−1/2
res . Applying results from Bura and Pfeiffer (2008),497

we obtain that the first d eigenvectors γ̂ of Σ̂
−1/2

res Σ̂fitΣ̂
−1/2

res , are asymptotically normal. Therefore,498

by Slutsky’s theorem, α̂ = Σ̂
−1/2

res γ̂, i.e. the linear part of the sufficient reduction, is asymptotically499

normal, which obtains that the least squares estimate of the parameter matrix in the homoskedastic500

linear model (9), B̂, is asymptotically normal.501

In the context of heteroskedastic multiple regression where p = 1, Carroll (1982) showed that when502
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cyi are related to the mean µYi through a smooth function H , with cyi = H(fTYib), i = 1, 2, . . . , n, they503

can be estimated consistently and the resulting WLSE is asymptotically as efficient as the OLSE. More-504

over, Carroll (1982) showed that the asymptotic distribution of the weighted least squares parameter505

estimate b̂ based on the estimated ĉyi is normal with mean of b and covariance E(fY fTY H
−1(fTYib))/n.506

In our context, cyi = E(Xi−∆αβfYi)
T∆−1(Xi−∆αβfYi)/p = E(Xi−BfYi)

T∆−1(Xi−BfYi)/p,507

obviously a smooth function, so that Carroll’s result holds. Moreover, when this is iterated, as in our508

algorithm in Section 4.1.1, standard asymptotic theory as in Carroll and Ruppert (1982) or Jobson and509

Fuller (1980) shows that as long as the preliminary estimators for the parameters of the variance func-510

tion are consistent, all estimators obtained in this way will be asymptotically equivalent to the weighted511

least squares estimator with known weights.512

Generalizing Carroll’s (1982) and Carroll and Ruppert’s (1982) or Jobson and Fuller’s (1980) results513

to a p-variate response regression, we obtain that the weighted least squares estimate of the parameter514

matrix B in the multivariate linear model (9) with var(E) = ∆ ⊗Cy has the same asymptotic normal515

distribution as B̂ obtained assuming Cy were known. Since the iterated least squares estimation yields516

a consistent estimate Ĉy for Cy, the weighted least squares estimate of the parameter matrix B has a517

scale adjusted asymptotic normal distribution as B̂ in the homoskedastic model. 2518

519

A.3 Sufficient Reductions for X and Y jointly Elliptically Contoured520

Here we show that when (XT , Y ) is jointly elliptically contoured other than normal, a non-linear521

function together with a linear function of the data constitute a sufficient reduction for the regression of522

Y on X.523

Assume (XT , Y ) ∼ ECp+1(µX,Y ,Φ, g), with density

fX,Y (x, y) = |Φ|−
1
2 g
[(

(xT , y)T − µX,Y

)T
Φ−1

(
(xT , y)T − µX,Y

)]
(23)

where g(·) ≥ 0 and
∫∞

0 g(t2)tpdt = ωp+1, with ωp+1 the measure of the unit sphere in Rp+1 and Φ a

(p+ 1)× (p+ 1) positive definite matrix. Therefore µX,Y = E
(
(XT , Y )T

)
= (µT

X, µY )T ∈ Rp+1 and

cov
(
(XT , Y )T

)
= −2φ′(0)Φ, where φ(·) is the characteristic function of (XT , Y )T . If we partition Φ

as

Φ =

Φ11 Φ12

Φ21 Φ22

 =

∆ ΦY

ΦT
Y σ2

Y

 ,
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the conditional distribution of Y |X is also elliptically contoured with density

fY |X(y) =
1

gX(m(x))
√

Φ22.1
g
(
(y − µY −B(x− µ))TΦ−1

22.1(y − µY −B(x− µ)) +m(x)
)

where m(x) = (x− µ)T∆−1(x− µ), B = ΦT
Y ∆−1, Φ22.1 = σ2

Y −ΦT
Y ∆−1ΦY , and gX(·) is the g-524

function in the marginal density of X, which is also elliptically contoured. Moreover, µY + B(x− µ),525

and var(Y |X = x) = E(m(Y )|m(X) = m(x))Φ22.1. By the Factorization Theorem, a sufficient526

reduction for the regression of Y on X is T(X) = ((X − µ)T∆−1(X − µ),γT (X − µ)), where527

γ = ∆−1span(cov(X1, Y ), . . . , cov(Xp, Y ))T .528

Thus, the linearity of the conditional mean is shared with the multivariate normal distribution but529

the conditional covariance matrix is in general not constant, in contrast to the multivariate normal dis-530

tribution.531

532

A.4 Examples of Elliptically Contoured Distributions for X|Y533

A.4.1 Contaminated Normal X|Y534

Let X|Y have a contaminated normal distribution with density given by

fX|Y (x) = (1− ε) 1

(2π)p/2|∆|1/2
e−

1
2

(x−µY )T∆−1(x−µY ) + ε
1

(2π)p/2|κ∆|1/2
e−

1
2κ

(x−µY )T∆−1(x−µY )

(24)

with κ > 0 typically large and 0 ≤ ε ≤ 1 small, µY = µ + βy, β ∈ Rp×1, βT∆−1β = 1 (see

Anderson, 2003, p. 55). Assume Y ∼ N(0, 1). To compute the marginal fX(x) =
∫
fX|Y (x)fY (y)dy,

we start from the first summand of (24) which can be written as

c1e
− 1

2
(x−µ−βy)T∆−1(x−µ−βy) = c1e

− 1
2

(x−µ)T∆−1(x−µ)e−
1
2

[y2−2yβT∆−1(x−µ)]

= c1e
− 1

2
(x−µ)T∆−1(x−µ)e−

1
2

(y2−2qy)

using that βT∆−1β = 1 and setting c1 = (1− ε)/((2π)p/2|∆|1/2) and q = βT∆−1(x− µ). Then,

∫
c1e
− 1

2
(x−µ)T∆−1(x−µ)e−

1
2

(y2−2qy)fY (y)dy =
c1√
2π
e−

1
2

(x−µ)T∆−1(x−µ)

∫
e−

1
2

(y2−2qy+y2)dy

=
c1√

2
e−

1
2

(x−µ)T∆−1(x−µ)+

[
βT∆−1(x−µ)

]2
4
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Setting c2 = ε/((2π)p/2κ1/2|∆|1/2) the integral of the second summand with respect to the density of535

Y is536

c2

√
κ

κ+ 1
e
− 1

2κ
(x−µ)T∆−1(x−µ)+ 1

2κ(1+κ)

[
βT∆−1(x−µ)

]2
Putting them together we have

fX(x) =
1

c

{
(1− ε)e−

1
2

[
(x−µ)T∆−1(x−µ)− 1

2
(βT∆−1(x−µ))2

]
+ ε

√
2

κ+ 1
e−

1
2κ

[
(x−µ)T∆−1(x−µ)− 1

1+κ
(βT∆−1(x−µ))2

]}
with c =

√
2(2π)p/2|∆|1/2. Therefore fY |X(y) equals

1√
π

e−
1
4

(βT∆−1(x−µ))2e−(y2−qy)

(
(1− ε) + εκ−1/2e−( 1

2κ
− 1

2
)
[
(x−µ)T∆−1(x−µ)

]
e−( 1

2κ
− 1

2
)(y2−2qy)

)
(1− ε) + ε(2/(κ+ 1))1/2e−( 1

2κ
− 1

2
)
[
(x−µ)T∆−1(x−µ)

]
e

( 1
2κ(κ+1)

− 1
4

)(βT∆−1(x−µ))2
]

= f((x− µ)T∆−1(x− µ),βT∆−1(x− µ), y).

The equality is due to the fact that for different values of y both terms that depend on X are needed.537

Clearly, span(∆−1β) = span(∆−1(µY−µ)) and therefore
(
βT∆−1(X− µ), (X− µ)T∆−1(X− µ)

)
538

is a sufficient reduction for X|Y by the factorization theorem.539

More generally, when X|Y is a contaminated normal with location parameter µY and covariance540

∆, independent of Y , T(X) =
(
span(∆−1(µY − µ))X, (X− µ)T∆−1(X− µ)

)
is a sufficient re-541

duction for X|Y .542

543

A.4.2 X|Y ∼Multivariate t544

Assume X|Y has a multivariate t-distribution with density

fX|Y (x) = Cn,p|∆|−1/2

[
1− 1

n
(x− µ− βY )T∆−1(x− µ− βY )

]− 1
2

(n+p)

(25)

This multivariate t(n) random vector X|Y satisfies E(X|Y ) = µ+βY and var(X|Y ) = n∆/(n− 2).545

We select β and ∆ so that βT∆−1β = 1. Suppose Y ∼ N(0, 1). We will show that under this setup546

the minimal sufficient reduction is given by T(X) = (βT∆−1(X − µ), (X − µ)T∆−1(X − µ)) and547
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deduce that the central subspace is the whole Rp.548

In order to identify a minimal sufficient statistic, if such exists, log(fX|Y (x)/fX|Y (z)) must be con-

stant (Lehmann-Scheffé Theorem for Minimal Sufficient Statistics, Casella and Berger 2002, Theorem

6.2.13). Thus, there must exist a constant c such that

n− (x− µ− βY )T∆−1(x− µ− βY ) = c
[
n− (z− µ− βY )T∆−1(z− µ− βY )

]
(26)

Taking expectation in Y and using βT∆−1β = 1 yields

c =
(x− µ)T∆−1(x− µ) + 1− n
(z− µ)T∆−1(z− µ) + 1− n

If β 6= 0, plugging in (26) c we have that for all Y

(−Y 2 + 1)
[
(z− µ)T∆−1(z− µ)− (x− µ)T∆−1(x− µ)

]
+ 2Y (−1 + n)βT∆−1(z− x)

+2Y βT∆−1(x− µ)(z− µ)T∆−1(z− µ)− 2Y βT∆−1(z− µ)(x− µ)T∆−1(x− µ) = 0 (27)

In particular for Y = 0 we get549

(z− µ)T∆−1(z− µ)− (x− µ)T∆−1(x− µ) = 0 (28)

which together with (27) obtains for all Y , 2Y (−1 + n)βT∆−1(z− x) = 0. As a consequence550

βT∆−1(z− x) = 0, (29)

Moreover, it is easy to see that when (29) and (28) hold then (27) is satisfied for all Y . As a consequence551

the minimal reduction for the regression of Y on X is
(
βT∆−1(X− µ), (X− µ)T∆−1(X− µ)

)
.552

Let SY |X = span(α) be the central subspace. Using results from Kibria and Joarder (2006) we

have

var
(
X|
(
αTX, Y

))
=

C(1 + c(X− µ− βY )Tα(αT∆α)−1αT (X− µ− βY ))(∆−∆α(αT∆α)−1αT∆) (30)

Since span(α) is the central subspace, (30) must be constant, which is true if and only if ∆ −553
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∆α(αT∆α)−1αT∆ = 0, and this can only happen when span(α) = Rp or α = {0}. But the554

latter cannot be true because by the linearity condition {0} ( span(∆−1β) ⊂ span(α). The results of555

this section are summarized in Proposition 2.556

Proposition 2 Suppose Y ∼ N(0, 1) and X|Y ∼ Tp(µ + βY, n∆/(n − 2)) with β ∈ Rp, β 6= 0.557

Then the central subspace is the entire Rp and the minimal sufficient reduction is given by T(X) =558 (
βT∆−1(X− µ), (X− µ)T∆−1(X− µ)

)
.559
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Figure 2: Boxplots of the non-linear sufficient reduction (X − X̄)T ∆̂
−1

(X − X̄) when p = 10 and
n = 100, 200
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Figure 3: Boxplot and scatterplots of linear SDR methods when p = 10 and n = 200
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Figure 4: Histograms of the relative gains in residual standard errors.
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Figure 5: Linear SDR methods and NLPFC predictors applied to the Wisconsin Cancer data
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